Chapter 15: Multiple Integrals

Section 1:

Definition 1:

R is a region in the plane.

f (x, y) is a function of 2 variables which is defined on R (i.e. R is contained in Domain f), Then the double

integral of fon R is defined as: ”R fx, y)dA(x, y) = AI‘LIXIE}O Z flx,, y,)AA,
i=1

Theorem 1:
R is a region in the plane.
f(x,y) is a function of 2 variables which is defined on R

f (x, y) contiuous everywhere on R
Then: R is closed and bounded = ”R £(x, y)dA(x, y) exist.

R has a "nice" boundary

Theorem 2: Fubini’s Theorem:
Suppose R is a closed and bounded region in the plane with nice boundary.
Suppose f (x, y) is a function of 2 variables which is continuous everywhere in the R.

Then:
(1) If R looks like:
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Then: ”R £x, y)dA(x, y) = .[ £ (x, y)dydx (Iterated Integral).
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Section 2:
Definition 1:
Suppose R is a closed and bounded region in the plane with “nice” boundary.
The area of R is defined as: Areaof R = ”RdA

Definition 2:
R is a closed and bounded region in the plane with “nice” boundary.
Suppose f (x, y) is a function of 2 variables which is continuous everywhere in R.

Then: The average of fon R is defined as: average valueof f on R = —” £(x, y)dA(x, y)
area of R

Section 3:
Notation : “R f (x, y)dA(x, y) = _”R f (x, y)dxdy

Area of a polar rectangle of center (r,0): A =rArA8:

Theorem: Changing to Polar Coordinates:
R is a closed and bounded region in xy-plane with “nice” boundary.
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f (x, y) is a function of 2 variables which is continuous everywhere in R.
Then: j L F(x, y)dxdy = IR. f(rcos®, rsin6)rdrdd

Where R’ is an appropriate region in the r0 -plane.

Section 3:

Definition 1:

D is aregion in the plane.

f(x,v,z) is a function of 3 variables.
The triple integral of fon D is defined as:

I”D oy, 2)dv(x, y,z)= Al&mozn: f (xi ,v:,2;)AV, provided that the limit exists. Also,
A=

AV = max(AV,,AV,,AV,,......,AV )

Theorem 1:
D is aregion in the plane.
f(x,y,z) is a function of 3 variables.

£ (x, y, z) contiuous everywhereon R
Then: D is closed and bounded = J”D fx, v, 2)dv(x, y,z)

D has a "nice" boundary



Section 5:

Definition 1:
Suppose D is a closed and bounded region in space with “nice” boundary.
Suppose S is a solid which occupies D.

Suppose 8(x, y, z) is the density of D.
Then:

(i) The mass of Sis M = “ID 3(x, y,z)av

Mxy = -[-[-[D < S(X, Yy, Z)dV
(i1) The moment of § about xy-plane is {M = I I ID y 5( X, y, Z) dV

M, = ”_Lx 3(x, y,z)dv
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(ii1))The coordinates of center of mass of the solid D are: <y = sz
M
7=—2
M
Section 6:
Definition 1: Cylindrical Coordinates:
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Theorem 1: Changing to Polar Coordinates:
Suppose D is a region in space which is closed and bounded and has a “nice” boundary.

Suppose f(x, y,z) is a function of 3 variables which is continuous everywhere id D
Then: I”D f(x, y, z)dxdydz = ”L- f(rcos®,rsin 6, z)rdrdddz where D’ is an appropriate region in the (r,0, z)

space.



Definition 2: Spherical Coordinates:

(P.9.9)

X

The characteristics of spherical coordinates.

p=0

O0<o<m

p: x2+y2+Z2
x=rcos®=psinpcosO
y=rsin@=psinsin O

Z=psin0O

Theorem 2: Changing to Spherical Coordinates:
Suppose D is a region in space which is closed and bounded and has a “nice” boundary.
Suppose f(x, y,z) is a function of 3 variables which is continuous everywhere id D

Then: I”D f(x, y, z)dxdydz = ”L f(psindcos6,psin ¢sin O, pcosd)p? sin dpdpdddd where D’ is an appropriate

region in the (r,0,z) space.

Section 7:

Theorem: Change of Variable formula:

R is a closed and bounded region in xy-plane with “nice” boundary.

f (x, y) is a function of 2 variables which is continuous everywhere in R.

R’ is a region in the uv-plane.

{x= g(u.v)

v = h(u,v) A transformation from a uv-plane to the xy-plane that images R’ one-to-one and onto

If the Jacobian J(u, v) # 0 everywhere in R’, then ”L f(x, y)dxdy = ‘”'Lf(g (u, v), h(u, v)]J(u, v]dudv

n a
Where J(u,v)= g;‘ g;

du dv






